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Contents of Lecture 7

Forced vibration of an SDOF with viscous damping subject
to a harmonic force:

e The general solution in the real and complex forms
e The steady-state response
e The magnification (dynamic amplification) factor

e The phase lag

Video: Dampers for earthquake protection
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https://youtu.be/xp2pGxFzrzI

An SDOF with viscous damping under a harmonic force:
statement of the problem

m U+cu+ku=F,cos(wt) <= Equation of motion

u(0)=u

( ) 0 <= Initial conditions

u(0) =V,
? " |—>u(t)
%—_«@_\f m |—> F,cos(at)
1 e A
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An SDOF with viscous damping under a harmonic force:
canonical form of the equation of motion

Canonical form of the equation of motion:

U+ 2 wi+aw; u= f;cos(awt),

@, = \/% IS the natural frequency

¢ =C/C,.y 1S the damping ratio

Coritical = ZM IS the critical damping

f, =F,/m is the force magnitude per unit mass
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The general solution of the inhomogeneous equation

Ui+2¢ ol +@fu= f, cos(ot)

Equation of motion and initial
1U(0) =%, conditions
u(0)=v,

u (t) — uﬁgrnnec:;lcleneous (t) + uiﬁlr;ir%l:)serneous (t)
U veous (1) = €XP(—Cyt ) ( Acos (aat) + Bsin(amt)).

W, = w\1-¢°

u_particular (t) _ f)

inhomogeneous
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A particular solution in terms of real-valued functions

U +2¢ oy +awy u= f, cos(amt)

ui‘mﬁM(a) —) (—0)2 + a)j)u cos(awt)—2wayU sin(wt) = f, cos(wt)

Uphomogeneaus (1) = U €0S (@t ) + U, sin (oot )
(-0’U, +2¢ mpad, + U, - T, )cos(at) +(-a’U, - 2£ @yl + iU, )sin(ot) =0
I (0 -0")
2
—aiuc +2¢ wye +a)§UC = f, (e -0*) +4 0}’
-oU, -2 o, +ay U, =0 B 2¢ w,w

2
2 2 2 2 2
(a)o—a)) +40° oy
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A particular solution in terms of complex-valued functions

U +2¢ myu+w, u= f, cos(wt)
U o (1) = Re (U exp(ia)t))

inhomogeneous
‘Re{(—wz + 2ilwa, + a)g)Lj exp(iot)— f, exp(ia)t)} =0
1:O
—0° +2ilon, + o]

(@

—0 + 2ilwm, + o

e (t):Re( ’ zexp(iwt)] ‘

R R

~0° + 2ilww, +

_( : 2)2 e 2((a)g—a)z)cos(a)t)+2§a)a)osin(a)t))
W — ) +4 0 W)
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Physics of the general solution

U +2¢ U+ wy u= f, cos(amt)

u(t) £exp(—Lempt)( Acos(at)+Bsin(amt)) Uccos(a)t)+Us@

Damped Free Vibrations Damped Forced Vibrations

The free vibration gradually subside with time!

!

Ugeagy (1) = limu(t) =U_ cos(et)+U_sin(awt)

t—w
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The general solution: example plot

.4+

0.2- l | | ' ' '

m u,=0.1, v, =0.1, @, =1, £=0.05 f,=1, @=2.3
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The steady-state response

Uggengy (1) = limu (t)=U, cos(awt)+U_sin(wt)

usteady (t) = Usteady COoS (a)t _ (0)

Uy, .
U ey = Ue +U¢ Sttic amplitude

\/(1—602/0):)2 +40% 0 o}

2¢ ol w,

1- o/}

@ = Arctan (3—] Arctan( j - phase lag
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The magnification factor
(also called “"dynamic amplification factor” and “"amplitude-frequency

characteristic”)
5.0 /
\l< ¢c=0
usteady (t) — Usteady COS((()t - ¢) 4.5 | <16
4.0 / J \
35 I peod
g, / \j c=o015
Usteady _ 1 :)g 20 / /’ \\\
Ustatic \/(1_ 0)2/0)5 )2 4+ 44’2 0)2/0)5 15 =05 )/ ) \ €=0.25
1.0 -<%§"‘ A
C =1 >~
0.5 w—
0.0
Video: Experiment SDOF 0.0 0.5 1.0 1.5 2.0 25
/o,
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https://techtv.mit.edu/videos/769

The phase lag
(also called the “"phase-frequency characteristic”)

180.0 —

usteady (t) = Usteady COS (a)t _ (0)

90.0 —

Q= Arctan( 26 @)y j

1-0 |}

¢ [deg]

Phase lag

0.0 | | | |

0.0 0.5 1.0 1.5 2.0 2.5
®/m,
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